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Abstract

Wc use mnttwmatical models to describe the interaction of the immune syst.rm

with the human immumxleficiency virus (HIV). Our model includes T-1ymphocytes

nnd mmcrophagcs, cells which can he infcctmi with the virus. Using our model

wc comprc thc efficacy of A ZT trcot nmnts given at different stages of discnse

progrmwion in order to predict when trmtment should be initi~tcd.

Kcy Words. AIDS, ordinm-y diffcrm]tinl rquntiolls, imnluxmkyy, HIV, stcmly

stntm, AZT, chmnothcrnpy
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I. Introduction

C)ver the past decade a number of mathematical models have been developed to

describe the interaction of the immune system with the human immunodeficiency

vi.ms (HIV). For example, Memill (1989), Nowak et al. (1990), Nowak and May

(1990, 1991, 1992), McLean (1988, 19S0), McLean nnd Novmk (1991), Anderson

and May (1989), Nelson and Perelson (1992), and Harnev-~ (1993). Different phe-

nomenon are explained by the different models, but none of the models exhibit all

of what is obsermd clinically. This is partly due to the fact that much about this

disease’s mechanics is still unknown. However, many of the major features can be

simulated with even the simplest of models.

Perelson ( 1989) presented a simple model for the interactions of HIV in the im-

mune system. Perelson ei al. (1993) c~tended these previous results and rigorously

established some of the model’s behavior seen in simu.lat ions. The model cxhib-

iteci many of the characteristics of AIDS seen clinically: the long latency period,

low levels of free vims in the body, and the depletion of T4 cells. The dfccta of

AZT were studied in a preliminary way. Here, we extend that model by inch: tling

mac rophages and monoc ytcs, cells that are thought to be reservoirs for HIV ( PCIUSO

et af., 1985). We ,also do a more cornpletc study ..f AZ”T treat mrmt, and compnrr

therapy strategim pnrticula.rly with regard to the timing of the initiation of .4ZT

mcntmcnt.

Zidovuriinc (AZT) is presently one of the FDA approved drugs used in the

treatment of HIV infected indivicl[mls. Three others, which hnve just km mp-

].mvcd, m WCI1aY AZT, uc ill t,li(- didcoxynucleosidc family. These dr~lgs all work

as inhibitors of nwcrse transcriptmw. HIV is ad RNA virus. When HIV infects

n CCI1,its RNA is trmm-ribcd into DNA (a unique feature ~)f a rl*trovirus). AZT

intorfmw witl~ this process - hnlt,ing rrll~hr infection nnd spread of the virl~.

There is Hluctl nvniln}k (Int:l on AZT tmntmcut ( cf., McLcod et af., 1992;

IIirw:ll, 1MI()), M;uly ln}~ornttxim nnd clinics tuc keeping C!OSCncct)lmts of lmt icllt

trr:ltmcnt coursrs ‘with rrspm-t to (:ffcctivcncwi mnd rcsldttim of i[lt~~r~.~t]~,:1~:i~ tl~,~

f:wt thnt there MC conflictillg rmults iuqto whcthm trcntmrnt nt tiw cnrly stngc (If

di:uvwc ((lcfilml M Cl_ M”- T CC*11r.ollnt~ Iwtwcen 200-500/1111113 of ldo~xl) ( Fiwhl,

I!)!)0; Grnhnul, 19!]2) or Intrr st:~gc (Imh)w 20()/mn~J ) [IInmilton, 19!)2; Cox, 1!’)90)

is Iwttcr. otlwr (Ilwsti(mx r(’gnrding ciwmotlwrnpy [m wlwtlwr the (losng~ Jlt)ldt{

lw l:u~c (tlvfilw~f n.~800- lN)():llg/llny) (N wndl (flriinwl to Im Iww thnu 700” mg/tiny)

((3 Nqwr, 1!)91 ), nntl wtmt dioilhl IN*thv durnti{)ll IJf trwltnwnt (V(Jlwr~ling, l!WO).

P’lwt.lwr (Ilw:+tri(nl:li~lvfdvr ttw l~w~it~llity (If roll~l~ilml [Sllclllotjlif’r:ll)y twnt.mmlt~,

(lrII~ :ii(l~ rfkts, t.llt~l]lt)ttlt’rlt~)yw“lw(llllill~t Iul(l (Inlg rmistwlw. ‘1’llis Imlwr l!rnl~

sl)m.ifi(”;dly with t.11(1(Ill(wt,ioll i)f wllr[) trmt.ilwllt Sllolll(l lx. itlitintml JLWlllllill}t t.llnt
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treatment can only be continued for two years, the average time until AZT resistance

develops.

2. Prcsentati(m of Simple Model

In order to generate a realistic model of infection by HIV we need to take into

consideration a number of features of the life history of the virus. HIV is a retrovirus,

When it infects a CD4+ T ceil (’T4 cell), the enzyme reverse transcripta~e, which it

carries, makes a DNA copy of its genome This DNA copy is then integrated into

the DNA of the infected cell. The viral DNA, called the provirus, will & duplicated

with the cell’s DNA svery time the cell divides, Thus a cell, once infected, rema; ns

infected for life. Within a T cell the provirus can remain latent, giving no sign of

its presence for months or years (Ho et al., 1987),

Stimulation of the ‘T cell by antigen can lead to the production of new virus

particles that bud fron~ the surface of the infected cell. The budding c,an take pla..e

very rapidly, leading to the lysis of the host cell ( this seerrls to be the case in T4 cell

infection), or it can take place slowly and spare the host cell, as .sem in macro; >hngcs

and rncmoc.ytes.

Pcrelson ( 1989) and Perelson et al. (1993) modeled these events by considering

cells that are mlinfcctcd, cells that arc latently infected, i.e., that, contain the virus

but ,arc not producing it, cells thut am actively infected, i.e., th~.t, are produc;ng

virus, and the pop~dation of free viral particles. They described the dynamics of

these populations by the systcrn of ordinary difl’ercntird equations that we give

IX!1OW,

Let I’ dcuotc tile c{:)ll(:erltri~tiorl of m]infectctl T4 CC1lS,und M ?’* rmtl ‘T**

denote the conw!ntrntions of lntcntly infected and actively infcrtx:d T4 cells. The

(-OIIC(*Iltriiti oil” of frre iIlf(:ctiolls virnls particlt:s is V, IMinitions rind nlunt!rical infer

the (Iynaruics

(1)
(n’ T t 7’* + T*”
—— .—... .q -- }O1,T + ~7( i - —---y–—-- ) k, VT,
d t w nr

(2)
d7’*—-... . .—: Al \rT - Ji[’l’g -- k2’I’*,
(It

(3)
Jr””

: k~’~’- ‘ /ib’]’**,
(it

di~
- N/q’1’** k, L’rl’ pvV

([!

1’/11{’ of Kcllf’!’nlioll of 1)(’W
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jL~ per cell. In (2), latently infected T cells are also assumed to have the same

natural death-rate, p~, although other factors can augment the natural death rate

(a. c. we assume that although the cell is a host to vinon, it is unaffected by their

presence). In (1), T-represents the growth rate of T cells.

The other terms in (1) and (2) deal with the effects of HIV. The term kl VT

models the rate that free virus V infects T4 cells. Once a T cell has been infected,

it becomes a latently infected or T* cell; thus this term is subtracted from (1) and

added to (2).

Equation (3) models the actively infected T4 population. At rate k21”, latently

infected cells become actively infected. Actively infected cells produce virus and die

d per capitarak /ib, Equation (4) models the free virus population. We assume

that when an actively infected T4 cell becomes stimulated through exposure to

antigen, replication of the virus is initiated and N viruses are produced before the

host CC1ldies. Free virus is lost by binding to uninfected T4 cells at rate kl VT.

Infected ceils tend to lose their CD4, and hence binding to infected cells is neglected.

The next term, --p ~ U’, accounts for viral loss of infectivity y arlci/or removal from

the hOdy.

[n the absence of virus, the T CCIIpopulation has the stewly state value

T(, :, +[l.+c+(~~~t~:] ,
Th~ls w,zsonabk initiid coalitions for this sy:item of equations axe T(O) L= To,

T*(()) =: 0, T“*(0) = 0, aIId V(O) = V. for infection hy free virus, or T(0) == T,,

‘I’*(()) = T;, T**(o) -= 7’;*, V(()) == I.fl for ixlfcction by both infected cells and virus.

This SySt6YIl llikq tWO St{!ady StateS. The first, when no virus is present (the

uuinfcctd .qteady state), occurs when T == T~,, T* ,= o, T“* -= () Mid V := O. The

SCC(JI]{I( thc endemically infect d .!ttady siatr) h,as each of the CCI1p(y>lllations at,

Imsitive wducs. W(! showwi, in Pcrrlwm et al. ( 1993), tilntif tllf! parwnetm N
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We now extend
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an Extended NIodel

this simple model by including the rnacrophage/monocyte

(mat/mono) cell population, According to Meltmr et al. (1990), there are ap-

proximately 6000/mm3 white blood cells in a healthy human, No more than 5%

of these are in the mac~mono population. A proximately 10% of these cells are

CD4+ (Pauza, 1988), hence and initial condition for uninfected macrophages would

be M(O) = 30/mrn3. The reasons for including the rnacrophage/monocyte cell pop

ulations are many. HIV is cytopathic in T4 ceils; however, macrophages/monocy tes

survive once infected, and slowly bud new virus particles. They, therefore, play a

role as a viral source referred to as a reservoir, Also of importance is the fact. that

infected macrophages appears to be able to infect T4 cells through presentation of

antigen (Mann et al., 1991; Nelson and Perelson, 1992). Macrophages have a kmg

life span, so we take the per capita death rate of both infected and uninfected cells

to be 5 x 10-3 per day (Delemarre et al., 1!390).

,Modifying equations ( 1)-(4) to include the microphage terms, we have the

following model describing the interactions of HIV in the immune system:

dT

[
(5) — = Y -- p~,!l’ -t-rl!’ 1-- T ‘+’~”~~

(it 1-[k,v+k,M*]7’,mar

(6)
&l’*
2T == (k, VT -} k, M*T) - /L7-To - k2T”,

(7)
dT*,
— z k2T* – /bT”*,

di

(8)

iikf
(9) ---- ==PM(EM “-” M) -- k4v M,

(lo)
d M ●

--- = k, Vkf -- /A&.f, M* .
(it
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an equilibrium where we think of p&fEM M a source for macrophages, and p~ Al

as a natural death rate. This is foIlmved by a mass action infection term which is

carried to the last equation as a source; and finally a loss term due to natural death.

Notice, we have assun led that there is no latently infected rnacrophage populaticnz

since the virus seems to always replicate once inside them. We also awume that

macrophages produce ~rirus at a slow constant rate, sparing the host cell, so there

is only natural death, not cleat h by bursting like that for infected T4 cells.

4. Analysis of Extended Model

To begin the analysis of the larger system, we will first seek equilibrium solu-

tions. Setting the left hand sides of (6), (7), (9), and (10) to zero yields

(11)
klVT + k3M*T

T* =
~T* + kz ‘

(13)

(14)

k2

(

klVT + k3M*T
r“ = -–- -

P T“ )/LT. + kz ‘

S)llJNtitllting (12) ilXl(i (14) into (8) wr find

(16)
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fkorn the second solution, (15), we again, have an endemically infected steady state.

In this state we have the following values: ((12) comes &om $$ = 0)

(17) T=
/WPT/&u*(hV + PM) – nMk4J.JT/Jh.iE&f

~M*(~@2[h~4 + hPkf + PM~M] - PTh[k4V + PM)) ‘

(18)

(20) PMEM
iii==——

kdV +/Ahf ‘

(21) ““”%%-%))

‘l?hese steady states are in implicit form. To express them explicitly we must

solve (22), the equation for V, Substituting the expressions for ‘r and fi” into (22),

wc get a fifth order polynomial in V of the form iiVs + ~V4 + tV3 +dV2 + ?V -t .~. We

~,is}l to apply ~~escMtt~9 rll]e of sig119to thispolynor~li~ to determine the number of

positive roots. It is easy to show ~ >0, ~ <0 and ~ <0, M they are all composed

of terms of the same sign. However, the signs of the remaining coefficients could not

find thrit all the rcmainirg signs are ncgat.ivc. This would indicate that there is only

(me sign change in the quint ic pdynomid, hence only on? positive root. Interesting

nd(iitional ,analysis would investigate the possibility of multi -fem+ible steady states

through parameter’ chmnKcs. We wi]l refer to the onc p(witiv(’ stcn.dy state wdue a’i

V, wl(l continue to write the stcmiy stittcs in implicit form.

Tlw Jacobiml mntrix ftm t]m system (5) - ( 10) is givml by: A =

[

(1 rT ._ r’1’
-7“.= ‘1’zi’ kl’i’ () --k3~

klV + k,, itl’ - /llS -- k2 O
.,

k17’ o k3~

() k~ ‘--/lb () o 0

-k, v () a~r/ib /fk’ - k,’]’ () lr~f

() o () ,! dlf “-/~,tf k~v o
() o (j A“, l\f k, v p~ 1
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with

k1~+k3fi” +r[l –
(2T+T*+T*”)1

ii=s-~T—
T mar

It can be easily shown that in both the uninfected and infected stmdy states with

parameter values from Table 1, the value of 6 is negative.

For the u.n.infected steady state to be asymptotically stable we require that after

an introduction of a small amount of virus, dV/dt <0. Setting 2’ = ~ and V == ~

for the uninfected steady state values and examining (15), we find a restriction on

N such that dV/dt <0, if and only if

This condition is equivalent to a condition on ~M, namely,

Typical va.lIIes for the parameters of NCrif yield a range of NCrit c [1,420]. Notice

the dependence of NCriC on I_I~. ‘I’his dependence is or,e of the key features which

separates the simple model from the microphage model. In the previous model

without macrophages, with the parameters given in Table 1, NCrit = 774. Thus,

including macrophages as another source of virus production decreases NCri6 to the

point where N will almost always be greater than NCrit. Thus, .HIV infections

which would have died c in the absence of macrophagm, are now able to persist if

macrophages can be infected. Because the dynamics of the infection are governed by

the parameters N and now IIM, we expect there to be some interactive component,

depending on both. Figure 1 shows a two parameter bifurcation diagram for the

stability of the steady states. The region in the lower triangular portion of the

graph is where the uninfected steady state is locally stable, and the upper region is

where the endemically inftcted steady state is locally stable.

At N = N(:rit, the uninfected and infected steady states merge, and, only for

v,alum of N > NCrit, is the endemically infected steady state in the positive orth~t.

This situation is simihr to the results in the simple xnod.cl (Ptrelscm et d., 1993).

Also, there are piu~m~tcr~ stlch thut with N > NCrit, stnbiiity of the endemically

il~fcctc!d stute may be lost, nnd limit cycles mny apprar through a Hopf bifurcation.

5. AZ’1’ and Other Drug Treatnwnts
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of HIV during treatment. Agur (1989) and Cojocaru ?.nd Agur (1992) have exam-

ined the efiects of chemotherapy on normal, uninfected cells through cell cycle drug

protocols.

This paper deals specifically with estimating an efficacious therapy regime to

insure benefits to the patient. We l-me this ‘benefit’ solely on an increase or reten-

tion of the CD4+ T cell count.

There is much clinical evidence to support the use of AZT in HIV infected

individuals. Aside from the possibility of prolonging life in an HIV positive indi-

vidual, it may make them less infectious to their sexual partnem (Anderson et al.,

(1993). Controversy exist, however, among clinicians as to who should be treated,

when they should be treated and with what dose. Some studies have shown that

treatment intervention of patients with T4 cell counts between 200 mm–3 and 100

mm -‘3 is the best possible approach (Fischl, 1990), and yet others argue treatment

at the early stages ~f the disease with individuals who have little or no symptoms

and higher than 200 mm ‘3 ‘3?4 cell count is the best therapy (Graham, 1992). A

problem arising from the use of AZT is the multiple and sometimes h,an-nful side

effects, as well ~ the ineffectiveness of A%’I’ after a certain time. due to the capa-

bility of the virus to mutate and become resistant to AZT treatment. To mimic

these effects, we only consider treatments that last two years, the typical time until

resistance is observed (McLeod et al., 1992) ,

We introduce the aflect of a dmg that reduces viral replication by multiplying

the parameters N and 11~ by the scalar step function

{

1 outside the treatment period
z(t) =

P during the time of AZT treatment.

The p,ararneters, IV “ z(t) and IIM . z[t ) represent new virion production. Drugs

such as AZT reduces virion production in a dose dependent manner. Therefore, P

is proporticm,al to the dose of the drug. (Another interpretation for the proportion

P is that eff,cacy of the drug may differ from patient to patient; therefore, P could

ASO rcprwmt the varying effect ivcnew of the chug in halting viral rcproduct ion. )

6. Nutnericai Results

In Perelsml et al. ( 1993), we studied the behavior of the sinlple T cell model
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source of T4 cells, s, to be a monotonically decreasing function depending cm the

virai concentration, V. ‘Ilk models the possibilityy of infection of T cell precursors.

In order to use the most realistic dynamic models of HIV infection in our studies

of AZT treatment, we also take in the numerical studies reported below

(23) s = s(v) = so/(o + v) ,

with 6 a scaling parameter.

6.1 Models without .AZT

Numerical calculations of the simple and extended systems yield the numerical

solution curves seen in Figures 2 and 3. If we compare the results, we see that in the

T cell only model (Figure 2), the depletion occurs over a period of approximately

two years, ‘~hereas in the rnacrophage model (Figure 3), the depletion occurs over a

four to five yea period. In the T cell model, the level of infection, as measured by

free virus, V, or by infected cells, 7’* and Z’** , is much lower than in the maxrophage.

model. Thus by acting as a reservoir the macrophages allow the occurrence of a

much great er level of infection with, consequently, greater T cell depletion.

6.2 Effects of AZ’T

Using the extended model, which gave us realistic looking T cell depletion

dynamics ( c.j. Conner ei af. 1993), we examine in Figure 4 the effects of a drug

which reduces the number of infectious virions produced by infected T4 cells and

macrophages by (a) 25T0, (b) 5070, and (c) 90’%. For simplicity of prese~tatic.n -

only report effects on the concentrations & uninfected T cells. In both Figures ~

and 4c, this reduction of A“ changes the dynamics of the system in such a way that

T, rather than continuing to decline, begins to recover. The decline in N switches

the stability of the steady states because N is now less than lVCri:, If we were

able to administer drug treatment for an unlit-nitcd amount of time, with no side

effects, then, theoretically, we could suppress infection indefinitely. We also varied

treatment protocol by beginning treatment ai c!;fbrent starting points of disease

progression, which is marked by numbers of T4 cells. We began treatment just

after thr T4 cell cleplctioll begins, i.e. at 2 years, and after the T4 cell count had

fallen below 200, i.e. after 4 ye<ars. If we ex.arnine the graphs in Fi~lle 4, we see

the T4 cell n~unbers are most ticcted by the treatment which is given at early

stage of infection. The period of T4 cell counts which ,are high is longest in this

region, indicating tlmt grrnter bend-it to the immune system is achieved. This m.rly

treatment benefit is o[lly now r~;dized, and hlu9 hcen. suggmtc(l as n nlorc optimal

tr{JatlIlcnt stmtcgy (TemiIl n.ml Rologumi, 19!) 3).
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7. Discussion

Two models have been presented here, both of which display features of HIV

and AIDS effects to the hums imrnunc system. This suggests that even models M

simple as these may have great value in attaining an understanding of AIDS and

HIV’s role ir in viuo infection.

One of the interesting predictions of the extended model, as with that of the

simple model is that N, the number of virion produced per actively infected T4

cell, needs to be above some critical level for WV infection to persist and be fa-

tal. The~~: is evidence of different types of virion, referred to as ‘rapid/high’ anti

‘slow/low’(Fenyfl et uJ., 1982; Nara et al., 1990). Rapid/high viruses grow rapidly

in T cells and produce high numbers of new virus, whereas slow/low grow poorly

in T cells. Slow ‘low virus, however, may grow well in macrophages, thus our two

rr ,dels can describe the survival of each of these populations separately.

The extended model served to reveal much beyond that of the simple model.

First, the model exhibited slower depletion of 11’4cells as seen in many clinical cases.

Second, the model lead to substantially greater depletion of T cells, even clown to

levels below 200 as seen in patients. Third, the critical vinon production nunber

was on the order of ten times less than that of the simple model, implying persistence

of infection in the presence of very few viriom (although the initial inoculation may

be large or small). And, ltitly, using the extended model we were able cmnp,are the

effectiveness of different treatment protocols for administering AZT, given that a

patient can only receive benefit from the drug for a pmiod of two years.

Our analysis of the simple mc iel in Perekm et al. (1993) and our work here

on the extended model reveal that if the effects of a drug force N below IVCrit, then

T4 cell depletion can be halted. Introducing AZT at the beginning of the T4 cell

depletion, when T cell counts are still high, seems to be the most beneficial. Given in

the m.rly stages of disease, the drug increases the time until profound T cell depletion

OCCT,rs, n.nd hence it should incre,~ the time before opportunistic infections become

a problem. This c,an be seen in Figure 4. Given in late disewe stage the drug cause:

a ltLinor improvement in T cell numbers but probably not enough of a recovmy to

be protective. However, slncc treatment is administered only during a two year

regime, in both cnsm the recover-y is transiex~t and once treatment ig stopped T cell

n(unbers continue their decline an(i the smn~ final s~eady state is reached. Thlls,

treatment clmnges the dynamics of the di.wmse but not its uliimatc outcome.

In this pnper we have spoken extensively Rbout AZT tr~at ment, however it

sh(m!d I)c clwar that the results apply to any trcatmrnt that can redllcc viral repli-

CiitioIl rates. In fact, A ZT lwil~g a rvmrsr tr,amwription inhii)it(m rather tImn n

(Iir(v.t viral rr~)lic:ltion irlllil~itor Itluy [lot Iw t,llr Iwst I-t’nli;;ntioll of tllc ‘jylx’ of (Irllg
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that this model is addressing.

Finally, it is worrisome that early treatment of HIV infection with drug

chemotherapy may, and usuall~r has, lead to drug resistance. This, of course, will

reduce the time period over which therapy can be administered. New research

suggests using ‘cocktails’ of drugs for treatment since there is a reduced chance of

the virus mutating to be simultaneously resistant to all of the drugs present in the

cocktail (Chow and Hirsch et al., 1993; ?&ng et al., 1992).
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Table 1

Dependent Variables

T = Uninfected T4 cell population

T“ = Latently infected T4 cell population
T** = Actively infected T4 cell population

v = Infectious HIV population

M = C134+ microphage/rnonocyte population

M“ = Infected rnacrophage/monocyte population

Parameters and Constants

= death rate of uninfected T4 cell population

= death rate of latently infected T’4 cell population

= cleat h rate of actively infected T4 cell population

.= death rate of free virus

= death rate of uninfected mac/rnono population

== death rate of infected mat/mono population

= rate T4 cells becomes infected by free virus

= rate ‘T* cells convert to actively infected

= rate of growth for the T4 CS1lpopulation

= rate free virus infects mat/mono cells

= number of free virus producd by T“” cells
.-— rate of free virus production by infected macrophages

= rate infected Inac/mono infects ‘T4 cells (cd to CCI1)
—— eqllilil)riun~ nmnbcr for mat/mono population

r= mn.ximum ‘T4 cell poplliation level

3 ——. source term for uninfectcxl 74 cell~

if source is not constant, we qn. (23).

() ==sralillg ])ur:utlctm for .9(V)
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Initial Values

1000 mm-a

0.0

0.0

1.0 x lo-3mm-3

30 mm-3

0.0

Values

0.02 d-l

0.02 d-’;

0.24 d-l

2.4 d-~

5 x 10-3 d-~

5 X 10-3 d-l

2.4 x 10-5 mm3 d-]

3 X 10-3 d-l

0.(?3 ci-l
~0-6 d-l

1200

300 d-l

lo--~mma d-’

W mm’3

1.5 x 103 MM-3

10 d“-l mm-””3

1
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